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ABSTRACT

By using the obstruction theory and induction argument, we show that
Hn+k (Xn+k) - Hn+k (Xn-#kfl)

<n+k
=" > and

is an isomorphism for

(G,n), the subgroup generated by ouueC

we establish that the homomorphism is zero. Since it is surjective, implies that

Hence
space.

is the subgroup generating

Hq (Xn+k ) - Hq (Xn+k+l)

is surjective. With kernel K

H:H n+k (Xn+k) and

Hn+k (Xn+k+l ) = 0

X
"**!has the required properties on its homotopy groups making an Eilenberg — Maclane

KEY WORDS: Fibration, Obstruction, Surjective, Fiber Bundle.

1.0 INTRODUCTION.

Homotopy groups are used in algebra-
ic topology to classify topological spaces. In
particular, two mappings are said to be homo-
topic if one can be continuously buckled into
the other. Homotopy groups are applicable in
the study of topological spaces. It is a well
known fact that if two structures in a topologi-
cal space do not have the same homotopy
group, then their topological structure is dif-
ferent.

Eilenberg-Maclane spaces are building
blocks for homotopy theory. The spaces are
important in algebra for construction and cal-
culation of homotopy groups of spheres and
cohomology operations. Also, every topologi-
cal space has the homotopy type of an iterated
fibration of Eilenberg — Maclane spaces to the
homotopy groups of spheres.

In the present paper, we verify the Ei-
lenberg- Maclane spaces using obstruction
theory as well as induction argument. This
algebra is robust for application in topological

n

B

spaces. Let be a wedge of spheres

l’lth ERB .
whose - homotopy group 1s isomor-
phic to its homology and is a free Abelian
consequence of Hurewicz theorem (Hurewicz
1955). By theorem 4.1 we have that

Hq (Xn+k) - Hq (Xn+k+1 )’

. . . <n+k
is an isomorphism for 4 " and

Hn+k (Xn+k) - Hn+k (Xn+k—1 )’

is surjective, with kernel the subgroup gener-

ated by usue C . Since this subgroup gener-

ates equation (4.2), we see that the homomor-
phism is zero since it is surjective, implies that

Hn+k (Xn+k+l ) = 0

Xn+k+1 . .

Hence has the required property on its
homotopy groups.

The rest of this paper is organized as follows.
Fibration and its application to homotopy sta-
bility of the orthogonal and unity group are
presented in sections 2 and 3. Obstruction the-
ory and the existence of Eilenberg-Maclane
spaces are considered in section 4. Conclu-
sions are drawn in section 5.

2. 0 FIBRATION:

9

Let be CW-complex. Since its cel-

G (&)

lular k -chain is the free abelian

group generated by the ke dimensional cells
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5

n then the cochains with coefficients in
group o are define by
C,(3,G,,)=Hom(C,(9),G,,). o0

Definition 2.1
A serre fibration is one that is surjec-

. . . p E » B,
tive and is a continuous map :
that satisfies the homotopy lifting property for

CW-complex (Milnor 1959; Cohen 1998).

That is, if
H:8x1—> B,

4 is any CW-complex and

is a continuous homotopy

H, :9x{0 B
such that o 910 > B,

Hy:8—>E,

factor through a

map such that there exist a lift-
H:9x1—>E

p H 0
that extends

ing on

0
103, as such the diagram below commute

Jii

Ixl —— E,
P
x1 _—> Bl Prop-
Fig. 1

osition 2.1 (Cohen, 1998)

Let be any connected space with

Hy €9

: 9
basepoint Let 77 be the space of

base paths in

pd=Ha,: 1 >8:a,(0)=p}.

That is The

path space is topologozed using the
compact — open function space topology de-
fine by

p:pd—8. 2.2)

Then the path space is a contractable space
and the map equation (2.2) is a fibration,

©)
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1
Hor P (4h) is the loop space

whose fiber at
w.

Proof:

The fact that 7 g is contractable is straight
forward. For a null homotopy of the identity
map, one can take the map
H : p9x1— ps.
ol P 2.3)
defined by

H (1, 5)(k) = py (1= s5)k.

To show that equation (2.2) is a fibration, we
must show that it satisfies the homotopy lift-

ing propery (HIP).
H:Yx1-> 9,
H,:3— p9

Let 0 P

be maps in which every operation commute.
Then a homotopy lifting is define as follows

H:Yx1—> p9.

,$)eYx1,
Such that (7>5) this implies that the

path can be stated as follows

H(y,s):1->9,

Hy(y,)(2k/2-5),k €[0,2—s5/2]
H(y,s)(k)= :
H(y,,2k=2+s,k e [2-s/2,1]

The above equation defines the continuous

map and satisfies the boundary condition
(Atiyah 1966; Cohen 1998).

H(y,,0)(k)=H,(p,.k),
H(y,,s)(0) =,

H(y,,s)1)=H(y,.5).
Theorem 2.1 (Atiyah (1966))

. [ X->Y .
Every continuous map 1s

homotopic to a fibration in the sense that there

. . X — Y,
exist a fibration /
and a homotopy equivalence

h:X—)f(,

(2.4)

(2.5)
making the diagram commute,



X —5 X
f f
y v
Y —> Y
Fig. 2
Proof
Define X to be the space

X ={(x,0)e XxY":a(0)=x},

where Y denotes the space of continuous
maps (Cohen 1998)

a=[0,1]—7Y,

gives the compact open topology. Equation
(2.4) is defined by

fx,a)=a(l).

The fact that equation (2.4) is a fibration

proved in proposition 2.1, define equation
(2.5) by

hx)=(xe)e X,

t)=x,
where e“‘()

xe X.

is the constant path at

Fig.3 commutes, that is

fxh=f.
Suppose that from Fig. 3 and by transforming
the parameters we have

g: XX,
defined by
g(x,a)=x,

gxh

where is the identity map on X. We

xXg . : .
observe that & is homotopic to the iden-

" by considering the homotopic
i Xx1> X,

tity on

where
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f((x,a)5) = (x,,),

o 1> X.
: (2.6)

) ) a(t)=oa(st), .
equation (2.6) is the path this
. . a,=e, a =a. f
implies that and Thus,

xg

is a homotopy between and the identity

map on X Thus, h is a homotopy equiva-
lence.
The following results can be found

Hurewicz (1955)

in

Theorem 2.2
Let B<4X be a subspace containing

. X €B
the basepoint Then we have a long
exact sequence in homotopy  groups

e P L(ADETT () T, (X B) ol T, (B) . —> T (B LT, (X).
Proof: omitted.

Theorem 2.3

:D— A4 )
Let p be a fibration over a connect-
ed space 4 Wwith fiber F. We assume that

the basepoint of is contained in

e ek, e)=a, . .
0 and Ple) =, is the basepoint in

A4 Let i:F—>D be the inclusion of the fi-

ber. Then there is a long exact sequence of
homotopy groups (Hurewicz 1955)

i -L)Hn (F) L)Hn (D) L)Hn (A) L)H"*I (Fj

Proof: omitted.

3.0 APPLICATION TO HOMOTOPY
STABILITY OF THE ORTHOGONAL

AND UNITY GROUP
Corollary 3.1
The sphere bundles

V2 s Cuk —1) — Cu(k),
V<! s Co(k —1) — Co(k),
are isomorphic to the unit sphere bundles of

o Cu(k)

the universal vector bundle over

Co(k
and o )respectively.
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Proof:
We apply Grassmannian models for

Cu(k) and Co(k), then their relation to the

sphere bundles (Lewis 1986) can be seen ex-
plicitly in the following ways. Consider em-
bedding

i:G, (R)Y>G, R"xR) =G, (R""),
rk—1 rk rk

defined by
W RY) > (W xR R xNR),
N >, .
as this map becomes a model for

the inclusion Co(k ~1) — Co(k),

WeG, (R™).
for

N ¢
Consider the vector (0.1 eWxR RN,

which is a unit vector, and so is an element of

o)

S
the fiber of the unit sphere bundle @ over

W xR, This association defines a map,

J:Gynn (iRN) — 8(0}),
which lift
i:Gy (R > Gy (R,

By taking a limit over N, we get a map
j:Co(k—-1)— S(o),).
To define homotopy inverse

¢:8(0,) > Co(k-1), G.1)

we apply finite Grassmannian level. Let

s S > 1
(©.9)5(0) then the unit sphere bundle

G, (R, R" .
over (") thus, Qc is m_

d qeQ

dimensional subspace an is a unit

Ogc O

vector. Let denote the orthogonal

qe0.

complement to the vector Thus,

mm—l

Qe is an -dimensional

subspace. This association defines a map
s:80,)—=>G, (R"),

m—1

(3.2)

and by taking the limit over " equation (3.2)
defines a map which implies that equations
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(3.1) and (3.2) are inverse of each other.

Theorem 3.1 (Hilton and Wylie, 1967))
The inclusion maps

i:o(k)—>o(k+1),

u(k) > u(k+1),
Which induce isomorphism is a homotopy
group through dimensions k=2 4nq 2k-1

respectively. Also induces maps on classifying
spaces

C.:Co(k) — Co(k +1),

Cu(k) — Cu(k +1),
induces isomorphism in homotopy groups
through dimensions k-1 and 2k respec-
tively.
Proof:

The first two statements follows from
the existence of fiber bundle corollary 3.1

o(k) = o(k +1) — S,
u(k) = u(k +1) — S,

The connectivity of sphere and by applying
the exact sequence in homotopy groups to the-
se fiber bundles (Lewis 1986; Atiyah 1966).
The second statement follows from the consid-
erations from corollary 3.1 the fiber bundles

S* = Co(k) — Co(k +1),
S s Cu(k) — Cu(k +1).

4.0 OBSTRUCTION THEORY AND THE
EXISTENCE OF EILENBERG -
MACLANE SPACES:

The following results form the extension of
obstruction theory to establish the properties
of Eilenberg — Maclane spaces:

Theorem 4.1

Let X bea simply connected CW-complex

St S X
andleth_)’

be a map. Let X" be the mapping cone of

. . X! — X u n+l ,
/ That is /D

which denotes the union of X with a disk

n+l
D glued along the boundary sphere



Sk — Jl)n+1 ,
/

via “’ such that
i X —>X,
be the inclusion. Then

L T (X)) > TL(X), @1

is surjective with kernel equal to the cycle
subgroup generated by

k
teS with JOeX. Let

[Flell, (X).
Proof:
. q 4
Let g:8" > X,
. I,y
Consider the element in with
q<

sk By cellular approximation theorem

(Milnor 1959), £ is homotopic to a cellular

map and one whose image lies in the 7.
' <k

skeleton of X Butfor 4= then the 7 -

skeleton of X s the ¢ X

-skeleton of
This implies that equation(4.1) is surjective

<k. <k-1
qu qk’then

fo Assume

g: 8" > XcX,
is null homotopic. Any null homotopy that is
extension to the disk

G: D" > X',

can be assumed to be cellular and hence has

) . <k-1, )
image in X. Thus, 9 equation (4.1)
is an isomorphism. By the exact sequence in

(X', X),

homotopy groups of the pair im-

X,X) .k

plies that the pair is ~ -connected.
By applying Hurewicz theorem (Hurewicz
1955) we have

. (X, X)=H,,, (X', X)=H,_ (XU D", X),
by analyzing the cellular chain complex for

. H.(X") : g
computing for ' is possible if
f:8" > X,

is zero in homotopy and zero otherwise. The

a € Hk+1 (X', X)>
generator

is represented by the map of pairs given by

@
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the inclusion
0:(D",8%) > (X U /D, X),
and in the long exact sequence in homotopy
XX
groups of the pair (&% %),
'“_)HkH(X"X) = Hk(X) - Hk(X')_)"'a
we have
0.(0)=[f1el1,(X).
Thus, equation (4.1) is surjective with kernel

[f].

generated by

Theorem 4.2
Let G be any abelian group and " an inte-
ger with nz2. Then there exist a space

KGm i

G, if k=n
I1,(K(G,n)) =
(K(G,m) {0, otherwise.
Proof:
let G be fix group and e Let
{0,:axe A}

be a set of generator of

where 4 denotes the indexing set for these

{0,: BB},

generator. Let be corresponding

set of relations. The group ¢ is isomorphic
F
to the free abelian group * generated by

A’ 9{8
modulo the subgroup generated by
{0,: BB}

: V.s" .
Consider the wedge of spheres n-

dexed on the set 4. By the Hurewicz theo-
rem (Hurewicz 1955)

[L(/S"Y=H,(JS")=F,.

R
Since the group ~ 7 is a subgroup of a free
abelian group and hence is it free abelian

n
B

group. Let be a wedge of spheres
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R
whose nth _ homotopy group is ~ ° is iso-

morphic to its homology and is a free abelian
consequence of Hurewicz theorem. There ex-
ists a natural map

JiyS =S,
B A
which on the level of the homotopy group

Ry = e Let Ko be

n

is the inclusion

the mapping cone of 7" Then
Xn+1 — VSn I-\_lj UDnJrl’
A B

Dn+1

where the disk corresponding to the

generatorin ~ ° is attached through the map

S"->V,Ss",

giving the corresponding element in
IL,w,sS"H=F,.

Then by applying theorem 4.1 one cell at a

n—1_

n+l

time, we observed that 1S an

I1,(X,)

connected space and " is generated by

* modulo the subgroup ~ © which implies

that
Hn (Xn+1 ) = G

Assume inductively, we can construct the

Xn+k :
space with
0 i q<n,
I,(X,,0)=1G i q=n,
0 if n<g<n+k-1.

We start the inductive argument with

n+l

by the construction of the space above.

n+k

We assume by constructing " we need to

n+k—1

with these
k— o0

show how to construct

properties. By induction we let and

“ will be a model for K(G,n). Let
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H = Hn+k (Xn+k )9 (42)

{0, :uec},

with generating set where € is

c

the indexing set. Let be the free abelian
group generated by the element in this gener-

V c SrH—k,

u u

ating set. Let be a wedge of
sphere indexed by the indexing set. As above,
by applying the Hurewicz theorem(Hurewicz
1955) we observe that

l_[""'k (VS:+k) = Hn+k (HS”+k) = F;
f : VS’Hk - Xn+k b

Let ¢

be a map which is restricted to the sphere

Sn+k
! representing the

8” € H = Hn+k (Xn+k)'

generator

X
We define = "™ to be mapping cone of
f:
X, :ka”fUDHkH-

n
uec

By theorem 4.1 we have that
Hq (Xn+k ) - Hq (Xn+k+l )’

qg<n+k,

is an isomorphism for and

Hn+k (Xn+k ) - Hn+k (Xn+k_1 )a

is surjective, with kernel the subgroup gener-

ated by u:uecy, since this subgroup gen-

erates equation (4.2). We see that the homo-
morphism is zero. Since it is surjective, im-
plies that

Hn+k (Xn+k+1) = O

Hence ~ "***' has the required property on its
homotopy groups.

5.0 CONCLUSION

This paper has shown that the compact open
function space topology is a fibration which
satisfies the homotopy lifting property (HLP).
Grassmannian models were applied to show
that the sphere bundles are isomorphic to the
unit sphere bundle of the universal vector bun-



dle. Since the homomorphism is zero implies
X =0.

that e (i) Hence has

the required property on its homotopy groups.

n+k+1
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