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ABSTRACT
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In the consideration of nonlocal symmetries of the dynamical system £ , it was

shown by Leach and Flessas (2003), using the Ermanno-Bernoulli reduction process that the radial

. . u, =Jcos . . . .
reduction variable ' Y defined the harmonic oscillator of its reduced system of equations.

However we observed that this variable may be misleading and had affected the corresponding
nonlocal symmetries presented in Leach and Flessas (2003). In this remark, we present the correct
radial reduction variable and the corresponding nonlocal symmetries for the system. We also com-

pute nonlocal symmetries of a related dynamical system

¥+Px+L'ox=0 .
ey &* and note that there is

a close relationship between these two dynamical systems from their symmetries.
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INTRODUCTION

Scientific interests in the analysis of sec-
ond order differential equations (in particular
dynamical systems) due to their manifesta-
tions in various physical, biological, geome-
try, fluid dynamics and host of other mathe-
matical sciences cannot be over emphasized.
It is paramount to note that solutions to many
of these second order equations are still being
sort, since in some instances there are no defi-
nite methods for obtaining them and in other
cases no optimum solutions are seemingly at-
tainable. The work of Lie (1881, 1895) and
the works of (Ovsiannikov, 1982; Olver,
1986, 2003; Gorringe and Leach, 1987;
Stephani, 1989; Bluman and Cole, 1974; Blu-
man and Kumei, 1989; Bluman and Anco,
2002; Andriopoulos et al., 2002; Leach and
Flessas, 2003; Leach and Nucci, 2004; Leach
et al, 2003; Arunaye and White, 2007;
Arunaye, 2009) in symmetry transformations
of differential equations, however brought to
the fore the systematic method of obtaining
solutions to many simple and complicated
equations (be it ordinary or partial). In recent
time nonlocal symmetry analysis is prominent
in the literature, particularly the fact that there

exists at least one integrable second order
equation with no Lie point symmetry but pos-
sesses nonlocal symmetries; consequently in-
tegrability of equations relied on the existence
of nonlocal symmetries (Arunaye, 2009;
Leach and Andriopoulos, 2007).

ON THE NATURAL REDUCTION VARI-
ABLES FOR DYNAMICAL SYSTEM
Given the dynamical system

)’c’+gr’1x+hr’l¢9:0 |x|=r ) )
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Where r " and ot
was shown by Leach and Flessas (2003) that
its Laplace-Runge-Lenz vector is

J=FAL-ue, —[u’+2r%v]e9 @)
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where is vector product, is the angular
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momentum of motion and s
tors in direction of motion.
The Ermanno-Bernoulli constants with
which (1) were reduced by Leach and Flessas
(2003) is as follows:
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J,=-J, tiJ, :[(L——u)iri(L——u)']ei’H
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We note that equation (3) implies
— 1 J —i€ +19 JCOS
e SIS 6
J=W =] . .
where and equation (5) im-
plies
1 w(8)do
=17 3
L * (JcosO+u(h))

(7)
which both reduced (1) to the system of equa-
tions

u' +u, =0 u, =0
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ON THE NONLOCAL SYMMETRY OF
SYSTEM (1)

The Lie point symmetry analysis of sys-
tem of equations (8) is well known. While the
corresponding nonlocal symmetries as pre-
sented by Ref. Leach and Flessas (2003) are
contentious due to the unfortunate radial re-

=J
duction variable o8y . Thus the equa-

tion (5.7.29) of Leach and Flessas (2003) is
misleading, and hence the corresponding sym-
metries are not well posed.

Considering the Ermanno-Bernoulli con-

+

stant ; the following relations are true:

J, =J,+iJ, =(u, +iu])(cos 6 +isin )

=u, cos @ —u; sin & +i(u, sin @ +u; cos 0)
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. J,=u,cosf—u sin@
ie. ,

Jzzulsint9+u1'cose. (10)

From (10) we have

u, =J,cosd+J,sn o (11)

u, =—J;smn@+J,cosf

b

. u, #Jcos
showing that ' Y contrary to known

variable of Leach and Flessas (2003), but
= |J1| =

equality holds provided ! Fur-

ther, it is clear that (11) implies

=J L™ +e™e”) =J cos(0-6) (12)

where 1s some non trivial function of

J
and ~? . Thus

s gy -is
J, =Je : J =Je _ (13)
It is now shown that the following are the ap-

propriate natural variables for reducing (1) to

®)

u, =Jcos(@—9)
1 I W(6)do
L Y (Jcos@-3)+u()”

(14)
While the appropriate corresponding nonlocal
symmetries are obtained as follows:

T, :3[Ir29(it]8 +2r°60,
I, =[J‘(,,222'z u+J3cors((é 5))dt]8 +ig m]@ 8
Ty =l = [ 260, +1r =510,

et i etiﬁ
r, =2 g0+
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rrot (15)

+J cos(0-6) +J cos(0-8)
N =[] (-2 -3026 £ir°6" -2 i,
e (R £ 0°6 )10, + e (-0, |

T, = [.[ ﬁo( e +7( il )dt]é‘ m’( 20 _lr+—)]6 +e+206,

A RELATED DYNAMICAL SYSTEM
We consider the dynamical system

i+px+L'gx=0

) (16)

where L is the angular momentum of motion
L=-g . :

and since the angular momentum is

geometrically non-constant (Leach and Fles-
sas, 2003; Andriopoulos ef al., 2002 ), that is

. 1 .
XAX+L gx/\x—O’ (17)
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the symbol " is vector product .
The Laplace-Runge-Lenz vector is obtained
from the relation

L/\)'é+PL/\x+L_1gL/\)'c:O’ (18)
which is (functionally)

J=LAx—u(r,0)e, —v(r,0)e, , (19)
Provided

i(—ue,_ —ve,) = —(pr39 —gr)e, — 2gr9€r
d . (20)
Equation (20) produced the following:

vl —u=-2grf B @1

s

ub+v=preo-—gr i)
Equation (i) of (21) implies
(v—ug)é—i’u, =2gr0

2

u, =0 = u=u)

ie. (22)
v—u,=-2gr = v=u'(0)-2gr (23)
Equation (i1) of (21) implies

(u+ vg)é +7v, = prio—gr

= — + = 3
ie. rT78 ; HrYe =P .
=rv(0

Taking €= V@ (24)
we have

v=u'(0)—2r"v(6) | 25)

L, (@) +u"(0) - 2r 4v'(6) = pr?
1 " o
p=—[u@®+u"(0)-2r V()]
50, d . (20)
Substituting for (22), (24), (25) and (26) in
(16) we obtain a specific dynamical system
V(0

)
€
I”A ‘

i+ iz [1"(0) +u(0) —2r *V'(O)]e, +
r

(27)
whose conserved vector is

J=LAx—u(@)e, —[u'(0)-2r "w(O)le,
(28)
RELATED HAMILTONIAN SYSTEM

The related Hamiltonian system (Leach
and Flessas 2003) is given by
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H=3p-p+W(r,0) (29)

from which the Newtonian equation of motion
is calculated as

P==VW(r,0)=F(,0)

(30)
and in a plane polar coordinates we have
VW (r,0)= 8—We,, + %a—Weg
or o0 = 31)
So
W _ - [1"(0) + u(0)] - 2r "v'(0)
or
ow
—=r vl
20 )

. (32)
The consistent solution of system (32) places
considerable constraints on the functions

u(©) and (@) to obtain the Hamiltonian
(Leach and Flessas, 2003; Sen, 1987; Gorringe
and Leach, 1987). The constraints are

u"+u' =0

3

4y +v=0‘ (33)

SYMMETRY ANALYSIS OF SYSTEM
(16)

We present the nonlocal symmetries of
the dynamical system (16) as follows.
The Ermanno-Bernoulli constants

2 2

L L i
J,==J, tiJ, =[(—+u)+i(— +u)le™’
r r

reduced system (16) to system

u' +u, =0
b
u,=0
b
where
2

J = —(L— +u(@))e, +(7—u'(6)+ Zr%V(H))eg
r

e, =icos@+ jsin 6 e =—isin @+ jcosd
and u, =Jcos(6—9) ’
1 W(0)do

LT J (J cos@ &) +u(@))

We obtain the nonlocal symmetries of (16) as
follow:

L., =3[-[rédto, +rb,
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T, =[-f(2+

_[t+judf]a,+[¢—
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710,
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Ly = 2[5 dilo, +—a
r 6 21’ 9 , (34)
F*()i = [_J- eizig (10053(3;95) u 2(u3;u) )dt]a

[ *2i0 w30 i u'Fiu )] +2i0
[e (Jcos(& S)—u i 2r + 2 2,262 ar te 89

2

T = e @u'(1+ ) + 3070 F ir?6* + 2r v F iu 1o,

(e (et (< F (207 —u))( + - e,
- (0% + u)o,

Comparing the nonlocal symmetries of
dynamical systems (1) and (16) obtained re-
spectively by the use of the natural reduction
variables obtained from the Laplace-Runge-
Lenz vectors (2) and (28) we observed that
systems (1) and (16) are equivalence dynami-
cal systems; that is one is map onto the other
by a point transformation.

CONCLUSION

The importance of Lie symmetry
method for obtaining the solutions of differen-
tial equations as well as the significance of
nonlocal symmetries to integrable differential
equations were referenced in the introductory
section of this work. In the second part we
presented the correct natural reduction vari-
ables of system (1), and hence the correspond-
ing nonlocal symmetries. Finally we consider
a related dynamical system (16) and by the
use of its natural reduction variable, usually
from its Ermanno-Bernoulli constants we ob-
tained its nonlocal symmetries which are
equivalence to those of system (1).

REFERENCES

Andriopoulos, K., Leach, P.G.L. and G.P.
Flessas, G.P. (2002). The Economy of
complete symmetry groups for linear
higher dimensional systems. Journal of
Nonlinear Mathematical Physics 9(2):10
-23.

Arunaye, F.I. and White, H. (2007). On the
Ermanno-Bernoulli and Quasi- Ermanno
-Bernoulli onstants for linearizing dy-
namical systems. International Journal

of Applied Mathematics and Informatics
1(2): 55-60.

Arunaye, F.I. (2009) Symmetries of Differen-
tial Equations: Topics in nonlocal sym-
metries of dynamical systems. PhD The-
sis, University of the West Indies, Mona.
Jamaica.

Bluman, G.W. and Cole, J.D. (1974). Simi-
larity Methods for Differential Equa-
tions. Springer Valerg, New York.

Bluman, G.W. and S. Kumei, S. (1989).
Symmetries and Differential Equations.
Springer Valerg, New York.

Bluman, G.W. and Anco, S.O. (2002) Sym-
metry and Integration methods for Dif-
ferential Equations. Springer Valerg,
New York

Gorringe,V.M. and Leach, P.G.L. (1987).
Conserved vectors for the automous sys-
tem F8(r0)+h(r,0)0 =0 Physica 27D:
243-248.

Leach, P.G.L. and Flessas, G.P. (2003).
Generalizations of the Laplace-Runge-
Lenz vector.  Journal of Nonlinear
Mathematical Physics 10(3): 340-423.

Leach, P.G.L. and Nucci, M.C. (2004). Re-
duction of the classical MICZ-Kepler
problem to a two-dimensional linear iso-
tropic harmonic oscillator. Journal of
Mathematical Physics 45(9): 3590-3604.

Leach, P.G.L. and Andriopoulos, K. (2007).
Nonlocal symmetries past, present and
future. Applied Analytical & Discrete
Mathematics 1:150-171.

Leach, P.G.L., Andriopoulos, K and Nucci,
M.C. (2003). The Ermanno-Bernoulli
constants and representations of the
complete symmetry group of the Kepler
problem. Journal of Mathematic Physics
44 (9): 4090-4106.

Lie, S. (1881). Uber die Integration durch
bestimmte Integrale von einer Klasse
linear Differentialgleichung. Arch. For
Math. 6:328-368.

Lie, S. (1895). Zur allgemeinen Theirie der
partiellen Differentialgleichungen belie-
beger ordnung. Leipzig Bericht 1: 53-

128.
Olver, P.J. (1986). Applications of Lie
Groups to Differential Equations.

Springer Verlag, New York.

@by



Olver, P.J. (2003). Applications of Lie
Groups to Differential Equations.
Springer Verlag, New York

Ovsiannikov, L.V. (1982). Group Analysis of
Differential Equations. Translation ed-
ited by W.F. Ames. Academic Press,

Nigerian Journal of Science and Environment, Vol. 11 (1) (2012)

New York.

Sen, T. (1987). A class of integrable poten-
tials. Journal of Mathematical Physics
28(12): 2842-2850.

Stephani, H. (1989). Differential equations:
Their solution using symmetries, Cam-
bridge University Press, New York.




