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In this paper, we prove the continuous dependence of fixed points in a complete metric space. We
show that for function satisfying certain condition with iterative process is continuous and depend on
parameter of the space. Results of the investigation revealed that Mann and Kranoselskij iteratives are

satisfied with general contractive conditions.
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INTRODUCTION

Banach (1922) established a remarkable (1.2)
fixed point theorem known as “Banach
contraction principle” which is one of the Inequality (1.2) is referred to as contraction
major result considered in metric fixed point principle.
theory. Several results have been published in
fixed point theory and iterative approximation Among the iterative procedures that generalize
procedure for self and non-self-contractive type (1.2) are:
operators in metric spaces. For a strict
contractive type operator, Picard iteration (i) for x4 € X, the sequence {x,};=, defined by
defined by xp+1=Tx, ({x.lizyn=0,1,2,..)
has been considered in approximating the Xpe1 = (1 — B)x, + BTx, n=01,..,
unique fixed point when the contractive (1.3)
conditions are slightly weaker, then the Picard
iteration need not converge to a fixed point of where {§} = [0,1] satisfying certain appropriate
the operator T and some other iterative  conditions is called a Kranoselskij iteration,

procedures will be considered (Berinde, 2007). Berinde (2007).
This work used contractive types of Mann,

Krasnoselskij and Ishikawa schemes. (i) for xo € X, the sequence (x, )=, defined by
Let (X,d) be a metric space and

T:XxX = X a selfmap of X with fixed point Xpe1=(1—a)x, +a,Tx, n=012,..,

p € Fr. For a given x5 €X, we consider the (1.4)
sequence of iteration {x, };=, determined by the o
successive iteration method: Where,  {an}izo < [0,1]  satisfying  some
{xn =Tlxp-1)=T"(x) n=12 ., conditions, is called the Mann iteration.
Ky = T{x, 0, n=01.12, ..,

o (1.1) (iii) for x, € X, the sequence {x,}7=, defined by
Picard iterative process (1.1) has been used to x, = (1 — & )%, + a,T[(1 - b,)x, + b, Tx n=01..
approximate the fixed points of mappings " e e a 5)’ o

satisfying the relation: . .
ying Where, {a, 1o, {b,152, = [0,1] satisfying certain

d(Tx T}-‘) & mi(x J-‘} forallx,yEXanda € [ﬂ 1} appropriate condition, is called Ishikawa iteration
T ’ : scheme.
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Equation (1.5) in a system form is:

v, =(1-b,J)x,+ b,Tx,
ntl = (-l - an}xn + QHT}??‘!
Ishikawa iteration is regarded as double Mann

iteration with two different parameter
sequences (2).

(iv) Let X be a Banach space, and suppose T is
a mapping of X to X, the Kirk’s iteration
procedure is given by x; € X and

Xpe1= OpgXg+ oy Tix + 0T + v+ a, TH

(1.6)
Where, k is a fixed integer,
kz=0a =0fori=01,..,k o =0 and

ﬂu+ﬂ1+"'+ﬂ'k=1.

Recently, Rauf et al. (2017) introduced
some new implicit Kirk-type iterative schemes
to generalize convex metric spaces in order to
approximate fixed points for general class of
quasi-contractive  operators. The  strong
convergence, T-stability, equivalency, data
dependence and convergence rate of these
results were explored. The results are faster
and better, in term of speed of convergence,
than the corresponding results of Olatinwo
(2009), Chugh and Kumar (2012), Hussain et
al. (2012), Gursoy et al. (2013) and Akewe et
al. (2014). These results also improved and
generalized several existing iterative schemes
in the literature and they provided analogues of
the corresponding results of other spaces,
namely: normed spaces, CAT(0) spaces and so
on.

Also, the following researchers worked
on fixed point theorem and its applications:
Debnath (2014), Eshi et al. (2016), Choudhury
et al. (2016), Debnath et al. (2014) and Neog
and Debnath (2017).

Some results concerning the continuous
dependence of the fixed points in a complete
metric space are established in this paper by
using some general contractive conditions. The
result established for the fixed point is similar
to those of Olatinwo (2010) by employing a
weaker contractive type.

Basic definitions and preliminaries
The needed definitions and lemmas are
stated as follows.

n=101,.

r
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Lety : By — R, be a function in connection with
the function ¢, then the following properties are
valid:

I. ¢ IS monotone increasing;

ii@(t) <tforallt=0;

iii @(0) =0;

iv {@™(£)} converges for all t = 0;

v S, @™ (t) converges for all t = 0;
Vit —@(t) = mast — oo and

vii ¢ is subadditive.

Definition 2.1

A function ¢ : R; — R. is called a comparison

function if it satisfies the following conditions:
I ¢ is monotone increasing; and

ii lim,_,@™(t)=0forall t = 0.

Definition 2.2
A comparison function satisfying
t—(t) 5 ast—=o s called a strict

comparison function.
Definition 2.3

A function satisfying the following condition is
called a ¢ — comparison function

(a) ¢ is monotone increasing; and

(b) Xo=oe™(t) converges for all £ > 0.

Further examples and definitions of
comparison function are given (Imoru et al.,
2006; Kazimierz and Williams, 2000, 1990;
Mann, 1953; Mohamed and Williams, 2001;
Olatinwo, 2008; Ravi et al. 2000; William and
Brailey, 2001; Zeidler, 1986).

Remarks 2.1
Every comparison function satisfies
@(0) = 0.

In (2007), Berinde formulated the continuous
dependence of the fixed points on a parameter 4
in the following general context:

Let (X,d) be a metric space, (¥,7) a topological
space and T:X x ¥ —= X a family of operators
depending on the parameter A €Y, where ¥ is a
parameter space. Assume that Ty = (.,4), A€Y



and consider the operator U:Y — X, then
U(A) = xj for all A €Y. The objectives of this
study are to obtain sufficient conditions on T
that guarantee the continuity of U.
In this paper, the following contractive
conditions for a continuous mapping T; : X X
¥ — X shall be employed:
a. A strict comparison function ¢ : R: — R:
such that for all x, v € X
d(T(x, A),T(y,4) = e(d(x,3))

2.1
b. A real number @ = 0, a monotone increasing
function 8: Ry =R, with 6(0)=0 and a
strict comparison ¢ : R; — R such that
d(T(x,2), T(y, 1)) = ad (x,Tx) +68d(y,Ty) + pd(x,y), forallx,y€X

2.2
c. A real number L = 0 and a strict comparison
function @ : By — R, such that forall x, vy X
d(T(x,2), T(y, 1)) = Ld(x,Tx) + @d(x,y)

2.3

RESULTS
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In this section, we prove the major
contribution in this paper. To this end, the
continuous dependent results are shown to be
valid with Mann and Krasnoselskij iterative
processes. The following theorems are
considered:

Theorem 3.1
Let (X, d) be a complete metric space and

(¥, 1) a topological space. f T: X x Y »> X isa

continuous mappings for which there exists a
strict comparison function ¢ : B, — R, such
that (2.2) is satisfied for all x,y EX and A €Y
where T;x = T(x,4). Let x; be the unique fixed
point of T;. Suppose {xnls=; is the Mann
iterative process defined by (1.4) with
{oplizy © [01] , then, the mapping U:V — X
given by U(4) = x;, A € ¥ is continuous.

Proof. Let 4,4, €¥. Then, we shall apply the

general contractive conditions in the proof of the
theorem.

d(xzy, xf,) = (1 —ayy dd(xfy, xip) + @y d(Thy xiy, Tiaxis ) + (agp — g )i + (g

— a@2) 32 %5,)

=(1- aii]d(xfirxj:j + ﬂii[d(TiixfixTM xfi] + d[T.l:xjir Tizxj:]] + (ﬂb{: - aﬂi]xf: + (e

— ;) Thax5;)

= (1= ayy)dlxiy, xf) + gy d(Tyy s, Ty ) + a0y d(Typxdy, Tha x7p) + (@, — @ )%,

+ (ag — @z ) Tyaxiz)

=(1- aiijd(xfirxj:j + aiid(TAixfir Tizxfij Ty, [q:d[xj‘i,xjﬂ] + (5‘.12 - “Ai]xf: + (e

— ;) Thax5;)

d(xj‘l,x;:] - ﬂii?’d(xfrxjc:] = cx‘,uri(TAlxj‘l, Ty, xfi] +(1- ﬂiljd(xfirx;:j + [rxﬂ -

aﬂl]xfz + (g — @z )Tz x3)
Hence,
(1— ay90)d (xfir X3 )

= a.-lld(T.llxjclr Ty xj:lj +(1- ﬁiljd[xflx sz] + [‘H: - ﬂ.u]xf: + (aun

— a;)Ti%;5)
Since T is continuous and ¢ Iis a strict
comparison function for A, — 44, then,
ay A(Tyyx7, Thaxjy) 2 0 asdy, = 4y
and
(1—apy)d(xiy, x5,) 20 asd, = 4y
then
(a, —ayy)xi; =0 asd, = 4,
And (@11 = @12)Tpa%i2) = 0 as i, = 44

which implies

d(xj,x5,) =0 asd, = 4,

Therefore,

d(U(A1),U(12)) =0 asiz— 21

Hence, the mapping U:Y — E, defined by
U(A) =x;, A€ Y is continuous and depends on
Am



Rauf et al Nigerian Journal of Science and Environment, Vol. 15 (1) (2017)

Theorem 3.2 Tyx = T(x, A). Let x; be the unique fixed point of
Let (X,d) be a complete metric space T,. Suppose {x,}=, is the Kranoselskij iterative
and (Y,r) a topological space. If T: X x Y—X  process defined by (1.3) with g =0. Then the

IS a continu_ous mapping fo_r wh_ich mapping U:Y¥ - X givenby U(A) =xi, A€V
8:R, R, 1is a monotone increasing is continuous.

function such that #(0) =0and ¢ : R, — R, Proof. Let A,,1, €Y. Then

a strict comparison function such that (2.3) is
satisfied for all x,y€X and A €Y where

d(xzy, xz) = (1= B)d(xjy xf5) + Bd(Tyyxgy, Tipxjs)
< (1= B)d(xiy, xz) + Bld(Tyyxjy, Thpxgy ) + d(Typxy, Tiax,) ]
= (1— B)d x5y, x3,) + BTy x5y, Tiaxiy ) + BTy x5y, Thox55)
< (1— B)d(xjy, xi;) + Fd(Tyyx]y, Thpxjy )
+ Blad(xy, Tyyxzy ) + 0d (x5, Typ x5 ) + @d (x5, %55 ) ]
< (1= B)d(xzy, xz,) + Bd(Tyy x5y, Tio 3y ) + Bod(xjy, x15)
d(x3y,x5,) — Bed(xjy, x5,) < fd(Tyyxiy, Tipxiy ) + (1 — B)d(xy, x5;)
Hence
(1 — Bo)d(xzy, x7,) = Bd(Tyyxy, Thoxzy) + (1 — F)d(xy, x;)
Since T is continuous and ¢ is a strict comparison function, for A, — 4,. Then,
Bd(Tyyxiy, Thaxiy) = 0 asiy, — 44
and
(1—B)d(xjyx7,) >0 asdy, = 4y
then
d(xj,x5;) =0 asd, = 1,
Therefore
d(U(A1),U(12)) =0 asi,— 4,
Hence, the mapping U: ¥ — E, defined by U(1) = x;, A € ¥ is continuous and depends on A.

Theorem 3.3
Let (X,d) be a complete metric space and (¥, T) a topological space. If T: X x Y — X is a

continuous mapping satisfying (2.4). Suppose that ¢ : R, — R, is a strict comparison function. Let
x; be the unique fixed point of Ty, where T;x = T(x, 1), for all x, ¥y € X and A €¥. Suppose {x,}7=;
is the Mann iterative process defined by (1.4) with {e,}5=, = [0,1]. Then the mapping U:¥ =X |
given by U(4) = x5, 4 € ¥ is continuous.
Proof. Let A;,4, €Y. Then,
d(xiy, x55) = (1 — ay )d (g, 255) + agy d(Tay x5, Taaxzp ) + (@ — @ )xis + (@
— a@3,)Th2%3;)
= (1 — ey delxfy, x50 ) + agg [A(Thy i, Thox3y) + d(Tporiy, Thaxia)] + (ag — apy )iy + (a4
— a33) T2 x45)
= (1 — ayy )dlxy, x55) + ay d(Tay x50, Tap x5y ) + ey d(Thaiy, Tipxin) + (@ — @)%,
+ (@, — @z ) Thxi,)
= (1 — ayy )d(xgy, x55) + agg d(Tyy gy, Tia ) + agy [Ld(xy, Tyy x34) + @d (27, x55)]
+ (g — azy)xiy + (@ — a2) Thax4s)
= (1 — ayy )d(xiy, x35) + ayy d(Tyy x5y, Thpxiy ) + aggod (xfy, x55) + (@, — agq)xg; + (ay,
— a;;)T3%35)

D
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d(x7y, x55) — gy pd (i, x3;) < apyd(Thyyxfy, Thpxy ) + (1 — ayy Jd(xgy, %) + (e, —

‘x.iljxfz + (@ — @32 ) T2 %30)

Hence
(1—ayp)d (xjif X} )

= “Aid(Tiixfir Ty, xj:ij +(1- fxﬂljd(xfix xj::] + [rxﬂ - fx.u:]xf: + (aun

— ay3)Th2%55)

Since T is continuous and ¢ is a strict comparison function, for A, —+ 4,. Then,

cx‘hd(T‘hxj‘l, T‘uxj‘lj —= 0 ﬂ,..'i'.-;l.z —}.-11
and
(1 —a;)d(x,x5,) =0 asd, = 4,
then

oy — e 15 =0 asd, = 4
A2 A1z Z 1

and

(a3 — @) hox55) 0 asd, = Ay
hence

d(xi;, x5,) =0 asd, = 4,
Therefore

d(U(A1),U(12)) =0 asi2 -1

Hence the mapping U: ¥ — E, defined by U(4) = x;, 4 € ¥ is continuous and depends on 4.

CONCLUSION

The study has proved some results on
continuous mappings for which there exists a
strict comparison and monotone increasing
functions by using Mann and Kranoselskij
Processes. Furthermore, continuous
dependence of fixed points in complete metric
space were established. The results are
extension of continuous dependence of fixed
point to some known processes.
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