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ABSTRACT

Boosting is a bias reduction technique while bagging is a variance reduction method. These two
methods aim at reducing the asymptotic mean integrated square error (AMISE). This study aims to
show that bagging is a boosting algorithm in kernel density estimation since both techniques use large
smoothing parameter(s). This relationship was verified by real and simulated data.
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INTRODUCTION Marzio and Taylor (2004, 2005) obtained such a
Boosting (Freund and Shapire, 1995) and measure by comparing their first boosting step
bagging (Breiman, 1996) are two techniques with the leave-one-out estimate (Silverman,

used for combining weak models in order to 1986). The multivariate boosting algorithm using
build better models (Rosset, 2003; Rosset et the product kernel is a sequential algorithm where
al., 2004). These algorithms have been at each step m the weak learner is computed as:

discussed by many researchers (Friedman et
al., 2000; Buhlmann and Yu, 2003; Mason et d -1

al., 1999), and they have come up with - _ h. w -K<Xi_Xii>
different views. The general theoretical and fm (0 1_[ / ; m (E) h;
practical conclusion reached is that the weak 1

learners for boosting should be weak while the @)

weak learners for bagging should be strong and . . .
in “bias-variance” terms, bagging is a variance Where K is a fixed kernell, ’fi are the smoothmg
reduction technique while boosting is bias ~ Parameter(s) and Wy (i) is the weight of
reduction operation (Rosset, 2003; Ridgeway  observation i at stepm. The weight of each

2002). observation is update@
Boosting and bagging have been shown

j=1

to be connected because the bootstrap . . fm(X0) )
) W, =W,, 1 PYET
procedure can reduce to boosting procedure, +1 (D) @ + og( CD (%) o)

and it implies that the bagging algorithm is a
boosting algorithm provided there is an
appropriate loss function, thus bagging can be
considered as a boosting algorithm which
utilizes a very robust linear function as .
explained by Rosset (2003). Bagging has i e = (% =Xy
resulted in excellent performance in classifi- 1m0 =®=1 1(1]"]’) ZW'"(‘)K< & ]>
cation and regression problems (Breiman, 1998 = . 3
and Breiman, 2001), leading to taking bagging
as a reference point when boosting is been
evaluated (Gey and Poggi, 2006). . 1

The boosting model involves the re- . - (X =Xy
weighting of data based on a loss function and Fm(x0) = (1_[ hi) Zwm(‘)K (T)
in the case of the kernel density estimation; = =1

@

where fﬁ; i)(xl-) is the leave-one-out estimator of
the multivariate product kernel given by:

Also f,,(x)is of the form given by:

(4)
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In boosting in kernel density estimation, the
weights will be updated at each step, and the
final output is the product of all the density
estimates, normalised so that the integrand is
unity (Marzio and Taylor, 2004). The algo-
rithm given below is for the multidimensional
case in which the product kernel was
employed. In product kernel, the axes are
restricted to be parallel to the coordinate axis
and d inde-pendent smoothing parameters are
allowed for each of the coordinate axes (Sain,
2002).

ALGORITHM (Marzio and Taylor
Algorithm 2005)

STEP 1. Given

Xij = (XillXiZI ...,Xid)T, i= 1,2, o n, ] = 1,2, ...,d,

Initialise W, (i) =1/n

STEP 2. Select
smoothing parameters.

H= hl,hz,..-,hd the

STEP3. Form=1,..,M.

(1) Obtain a weighted kernel estimate.

d -1 n
A _ . X] — Xl]
Fm(O = <| 1| h,-> Zl W (DK <T)

]'=

(i) Update the weights according to:

fm(xi) )

ma1(D) = Wi (D) +1 ~(—i
W l(l) W, (l)+ 0g (ffn’)(xi)

STEP4. Provide as output

M
c| [Fmco.
m=1

where C is the normalization constant such that
Fm(X) integrates to unity.

Marzio and Taylor (2004, 2005) boosting
algorithm for kernel density estimation takes
the form of a multistep estimators whose first
step is the standard kernel method. Boosting in
kernel density estimation is a higher-order bias
method that uses the basic kernel density
estimator as its weak learner while bagging is a
variance reduction technique in kernel density
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estimation with larger smoothing parameter.

Bandwidth selection in boosting and bagging

As generally known, in kernel density
estimation methods, the right choice of the
smoothing parameter must be made due to its
importance in the process of estimation and much
research has been done on smoothing parameter
selectors. The rules for selecting smoothing
parameters are generally based on the simple idea
of balancing the asymptotic integrated squared
bias and the asymptotic integrated variance
globally (Sain, 2002).

Boosting and bagging in kernel density esti-
mation are connected by using larger smoothing
parameter because in kernel density estimation
both methods are based on the principle of
oversmoothing and appropriate “weak learner”.
A complex learner is characterized by low bias
and big variance (Marzio and Taylor, 2005;
Ishiekwene, 2008) while a weaker learner is
characterized by big bias and low variance. This
means that a natural and direct approach for
reducing the complexity of whatever kernel
method is by oversmoothing because larger
smoothing parameter increases the bias and
reduces the variance (Marzio and Taylor, 2005).

In statistical terms, a strategy was devised
by Marzio and Taylor (2005) as “use very biased
and low variance estimates by adopting larger
smoothing parameters, then reduce the bias
component using several boosting steps”.
Bagging in kernel density estimation involves
using larger smoothing parameter to reduce the
variance term. The smoothing parameter can be
described as a major determinant for boosting and
bagging because oversmoothing weakens the
learner thereby reducing the variance and with
several boosting steps the bias will also be
reduced which resulted in a reduction in the
asymptotic mean integrated squared error (Marzio
and Taylor, 2005).

Boosting and bagging aimed at reducing the
bias and the variance term that resulted in a
reduction in the asymptotic mean integrated
squared error (AMISE). This reduction in the
AMISE can easily be achieved by using large
smoothing parameter(s) to reduce the variance
term first, and then carry out some boosting steps
to reduce the bias term which means bagging can
be considered as a boosting algorithm in kernel
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density estimation.

RESULTS

The study aims is to reduce the variance
term and then carry out some boosting stepsin
order to reduce the bias term. To achieve this,
the study used the oversmoothed bandwidth for
each of the data set considered because large
smoothing parameter is needed for boosting
and bagging to be effective and beneficial. The
study calculated the variance, bias, and the
asymptotic mean integrated squared error
(AMISE) as seen in Tables 1 and 2. The first
data set examined is the Annual Snowfall in
Buffalo Scott (1992). The sample size of this
data is 63.

Table 1. Analysis of bagging and boosting steps.

Normal
0.237633000
0.000386261
0.238019261

1st boosting
0.023185300
0.000386261
0.023571561

2nd boosting
0.000782669
0.000386261
0.001168930

Analysis
Bias?
Variance
AMISE

Table 2.Analysis of bagging and boosting steps.

Normal
0.071910300
0.000148035
0.072058335

Analysis
Bias?
Variance
MISE

1st boosting
0.000550635
0.000148035
0.000698670

2nd boosting
0.0000006147
0.0001480350
0.0001486497

Density estimate

L " A 4

Annual snowfall (Inches)

(A)
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The oversmoothed bandwidth for the Snowfall
data (n = 63) is 11.5924. The same smoothing
parameter was used for the various boosting
steps, showing the same variance value in Tablel
while the bias term is been progressively reduced.
This smoothing parameter reduced the variance
term (bagging) and with two boosting steps,the
bias term was reduced and it resulted in a
reduction in the asymptotic mean integrated
squared error (AMISE).

Table 1 shows the analysis of the first and
second boosting iterations with the result being a
reduction in the bias and AMISE at last. The
second data setof sample size 100 were simulated
without reference to any distribution that is, they
were randomly simulated real numbers. The
oversmoothed bandwidth values are h, =
2.39108 andh, = 2.24819. The product kernel
estimate using these smoothing parameter values
is shown in Figure2 while the kernel estimates
(surface plots and contour plots) of the “boosted”
and “bagged” version of this data are shown in
Figure 3 and Figure 4.

The kernel estimate (surface plot and
contour plot) of the oversmoothed bandwidth
shows clearly that the data are bimodal. This
bimodality is obviously noticed even in the first
and second boosting steps with the estimates
being smoother. Table 2shows the analysis of the
first and second boosting iterations with the result
being a reduction in the bias and AMISE with the
variance remaining unchanged in each of the
boosting steps because the same smoothing para-
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Figure 1. (A) Kernel estimate of oversmoothed bandwidth; (B) Estimates of oversmoothed bandwidth with 1st and 2nd boosting

steps.
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Figure 2. (A)Surface plot of oversmoothed bandwidth; (B) Contour plot of oversmoothed bandwidth.
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Figure 3. (A) Surface plot of first boosting step; (B) Contour plot of first boosting step.
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Figure 4. (A) Surface plot of second boosting step; (B) Contour plot of second boosting step.

meter was applied. This also confirms that
boosting is a bias reduction while bagging is a
variance reduction method. Table 3 shows the
simulated data.

Conclusions

Boosting and bagging in kernel density
estimation are bias, and variance reduction
techniques characterized by using larger
smoothing parameter(s) suggested a powerful

new tool for addressing the curse of
dimensionality effects (Marzio and Taylor, 2004).
Since large bandwidths reduce the variance term
of the AMISE and increases the bias term, the
study carried out two boosting steps to
demonstrate the reduction of the bias and
variance term that translated to a reduction in the
AMISE using the oversmoothed bandwidth. As
can be seen from Figures 1to 4 and Tables 1 and 2,
bagging can be considered as a boosting algorithm
in kernel density estimation since both methods
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Table 3. Sets of simulated data N=100.
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X 9.250 1992 1494 7440 1774 1751 7574 1163 1911 1056 1950 19.06 1795 7.067 6470 1575 8.050 9375 1339 19.72

Y 58.74 5718 6694 6356 5841 59.15 6040 6759 6188 6732 6239 6043 56.72 6265 6029 6830 5854 6288 6731 6861

X 19.74 1484 1153 1136 1530 7.234 9.002 8477 1821 1972 9286 5180 1312 1367 1572 16.04 1155 6.143 5650 13.04

Y 6050 6023 6846 6667 6183 6985 6534 6997 5851 6925 5736 5857 5617 6711 5842 6150 5511 5740 5744 5673

X 1290 5199 1382 1022 16.81 17.74 8014 9.086 6.617 1439 6.216 1030 9835 5057 1440 10.06 1844 1596 1382 16.50

Y 56.48 6343 6992 6040 6444 6238 6576 6933 5812 6023 5729 6081 6794 6039 6795 5897 5781 5952 5692 60.84

X 16.78 1237 8100 1138 1892 6.775 19147 1077 1397 9.803 1159 5894 1823 1615 1856 7572 1167 1039 7.013 1278

Y 59.36 6419 5738 6350 66.57 5920 66.06 5730 6057 6421 6826 5843 6275 5723 6587 66.02 6257 67.77 6083 68.60

X 16.38 1016 9.600 18.63 6.699 1738 1886 1230 5.011 1009 1882 1940 16.75 1683 1495 6522 9117 1031 1424 1211

Y 5875 5575 6936 5801 6117 6910 6443 6010 6437 63.72 5779 6263 63.03 5865 6096 5962 6343 5505 6754 61.67
used larger smoothing parameter aimed at Statistical Association. 98:324-3309. Postgraduate  Studies, University of
reducing the AMISE. Although boosting and Freund, Y. and Schapire, R. (1995).A Benin, Benin City, Nigeria.
bagging depend on larger smoothing parameter Decision-Theoretic  Generalization of Marzio, D.M. and Taylor, C.C
but we have demonstrated that their targets are On-Line Learning and an Application to (2004).“Boosting Kernel Density

different in terms of their contribution to the
AMISE.
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